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Abstract. This paper deals with coupled wave system with viscoelastic terms and new logarithmic nonlinearities.
We use the theory of semigroup to establish a theorem of local existence. Under some specific conditions, we
prove that the solution is global in time. After that, we give the exponential stability result of the global solution.
The introduced logarithmic nonlinearities are partial derivatives of a primitive function F(u,v), this function is
not necessarily a positive function, which creates obstacles and problems to get the existence and the stability
result. Our goal in this work is to overcome this challenge and give new solutions to analyze this type of nonlinear

systems. Our new result provides a step forward in how to deal with coupled wave systems.
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1 Introduction

Let Q be a bounded domain of R?, with a smooth boundary 9. In this paper, we consider the
coupled system of viscous wave equations with variable coefficients:

(

uy + Lu — / g(s) Lu (t — 5) ds = ko*Pu** 1 1n (Juv|), in Q x (0,00),
0

vy + Lv — / g(s) Lo (t —s)ds = kv 1 In (Juv]), in Q x (0, 00),
0

u=v=0, on I' x (0,00),
u(z,0) = ug (), ut (z,0) = uy (z), in 2,
v (z,0) =g (2), ve (2,0) = vy (2), in Q,
with Lu = —div (AVu) = — Z 8z (aw( ) 8;2_) ,p>2and k € (0,00) where g9 > 0. ug, u1,vg
1,7=1

and v; are given initial data.The function g denotes the kernels of memory terms. The loga-
rithmic nonlinearity appears naturally in inflation cosmology and supersymmetric field theories,
quantum mechanics, and many other branches of physics such as nuclear physics, optics, and
geophysics, for more applications see Bartkowski & Gorkal (2008); [Biatynicki-Birula & Mycielski
(1975); \Gorka (2009); Barrow & Parsons| (1995); Enqvist & McDonald (1998). These specific
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applications in physics and other fields attracted a lot of mathematical researchers to work with
such problems. |Cazenave & Haraux] (1980)) established the existence and uniqueness of a solution
to the Cauchy problem for the equation

uy — Au = uloglul®, (2)

in R? and k a positive constant. Using compactness method, Gérkal (2009)) established the global
existence of weak solutions for all (ug,u;) € H} x L? to the initial boundary value problem of
equation in the one-dimensional case. Bartkowski & Gorkal (2008), obtained the existence
of classical solutions and investigated weak solutions for the corresponding Cauchy problem of
equation in the one-dimensional case. |[Han| (2013), studied the global existence of weak
solutions for the initial boundary value problem

ug — Au+u — uloglul® + uy +ulul? =0, in Q x (0,7),
u(x,t) =0, xed, te(0,T), (3)
u(x,0) = up(x), u(x,0) =ui(z), x €,
where ) is a smooth and bounded domain in R3. Hiramatsu et al.| (2010) gave a numerical study
of the model (3)). However, there is no theoretical analysis for the problem as in [Han| (2013). In

addition, Peyravi| (2020]) improved and extended some previous studies such as the one by |Hu et
al. (2019). He studied the decay estimate and exponential growth of solutions for the problem

t
ug — Au+ u + / g(t — s)Au(s)ds + h(u)u; + |ul*u = uln|ulf, inQ x (0, T),
0

u(z, t) = 0, zeon, te1), Y
u(xa 0) = (p(l’), ut($7 0) = ¢($), x €€,

where € is a bounded domain in R? with a smooth boundary 92, h(s) = ko + k1|s|™ ! where

k, ko, k1 and m are positive constants, g represents the memory kernel and satisfying

4(0) > 0, /O+Oog(s)ds <400, 1- /0+oog(s)ds >0, (5)

Al-Gharabli et al.| (2019) considered the following plate equation:

t
g + A%u 4+ u — / g(t — s)A%u(s)ds = kuln|u|, in Q x (0,00),

0
w(z,t) = 0, redn, te(0,T), (6)
u(z,0) = uo(x), ue(x,0) = w(x), T € Q,

where  is a bounded domain of R? with a smooth boundary 9 and k is a small positive real
number. They proved the existence and decay results of the solutions, imposing the condition
on the relaxation function:

g(t) < =¢t)g"(t), 1<p<3/2. (7)

Regarding the system of wave equations without logarithmic source term the initial boundary
value problem:

Uy — Au + /t g1(t — s)Au(s)ds + h(u) = fi(u,v), in Q x (0, 00),
0

v — Av —|—/0 g2(t — s)Av(s)ds + h(vy) = fa(u,v), in Q x (0,00) (8)

u=1v=0, on 99 x [0,00),
u(-,0) = ug, u(+,0) =uy, v(-,0) =wvg, v4(-,0) = vy, in
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has been considered, where 2 is a bounded domain in R” with a smooth boundary 92. The
systems of wave equation have been extensively studied and several results have been obtained.
See, in this regard, previous studies, e.g. |Said-Houari et al.| (2011); Han & Wang (2009)); Mustafa
(2012); Messaoudi & Al-Gharabli (2015). Concerning the viscoelastic systems with logarithmic
non-linearities, there are numerous results related to the asymptotic behavior of solutions. For
example, Wang et al. (2019)) studied the problem

ug — M ([|[Vul|? + |[Vo?) Au+u = [ul*2ulnful, in Q x (0,00),
v — M (|Vul|? + [|[Vo[[?) Av + v = [v]*2vlnfv|,  in Q x (0, 00),

’U,<70) = Uo, ut('v 0) = Uy, in Q7 (9)
v(.,0) =g, ve(.,0) = vy, in €,
u=v=0, in 002 x (0, c0),

where  is a bounded domain with smooth boundary 092 in R™. The term M (s) := a+ 35" is a
Kirchhoff term, where « > 1,8 > 0,7 > 0 and k£ > 27 + 2. By employing potential well method
and concavity method, they obtained several results related to the sufficient conditions posed
on subcritical initial energy and critical initial energy, which is used to classify initial data for
global existence and finite time blow up. Boulaaras| (2021)) studied the coupled Lamé system

(

t
up + av — Acu —I—/ 91(t — s)Au(s)ds — p1Aug(t) = byulnfu(t)|, in Q x (0, +o0),
0

t
v+ au — Agv + / g2(t — s)Av(s)ds — paAve(t) = bovInfu(t)],  in Q x (0, +00),
0

(10)
u(.,0) = ug, u(.,0) =uq, in €,
v(.,0) = vo, v(.,0) =y, in Q,
u=1v=0, in 99 x (0, 00),

where Q be a bounded domain in R? with smooth boundary 9, 1, p2, o, b1, by are positive
constants and (ug, u1, vg, v1) are given as history and initial data. Here A, refers to the elasticity
operator, which is defined as

Acu = pAu~+ A+ p)V(diva), uw= (uy,us,ug)’
He obtained exponential decay of solutions, imposing the condition on the relaxation function,
gi(t) < —£(t)gi(t), forallt>0 fori=1,2

where £ : R; — Ry is a non-increasing differentiable function. Very recently, Irkil et al.| (2022)
investigated the problem

t
ue — M (| Vul® + || Vv[*) Au —|—/ g1(t — s)Au(s)ds — Auy = [v|P 2ulnful, in Q x (0,00),
0
t
v — M (| Vul® + (| Vv]|?) Av —I—/ g2(t — 8)Av(s)ds — Avy = [P 20 Infv|,  in Q x (0,00), (1)
0

u(.,0) = up, ue(.,0) =uy, in Q,
v(.,0) = vy, v(.,0) = vy, in €,
u=1v=0, in 90 x (0, c0),

where p > 2y + 2 is a real number. Q@ C R" (n > 1) is a regular and bounded domain
with smooth boundary dQ. Here, M is a positive C! function for s > 0 satisfying M(s) =
B1+ B2s7,y > 0,81 > 1,82 > 0. The kernels g; : R" — RT (i = 1,2) satisfying

gi(t) < —ogi(t),  t>0, (12)

for some positive constant ¢. The authors proved the global existence and they established decay
rate estimates by using multiplier method.
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Challenge

It is well known that f; and f2 in (8) have a relation (see for example [Said-Houari et al. (2011);
Han & Wang (2009)); Mustafal (2012); [Messaoudi & Al-Gharabli (2015])), which is the existence
of a positive function F'(u,v) satisfying

( 0
fl(uvv) = 875(’114,’0),

s 0) = 50 (u,0), 13)
(F(u,v) >0

But in our system fi(u,v) = %%(u,v) and fo(u,v) = %—f(u,v) where I : R? — R is given by
F(u,v) = T; (v In (juv|?) — v?Pu?)

is not necessarily a positive function. In this paper, we are concerned with coupled system
(1)) with variable coefficients and new logarithmic non-linearity terms. We introduce these
non-linear terms to generalize the previous publications and to highlight how to deal with the
primitive function F'(u,v). We prove that the solution is global in time when s belongs to a
specific interval from the set of real positive numbers.

In the following section, we will go through several notations and assumptions that we will
require for our work. The third section is devoted to prove the existence of the local and global
solution. In the forth section we show several technical lemmas that are required for our main
result. We state and prove our stability result in the last section.

2 Preliminary

In this section, we present some material that we shall use in order to present our results. Denote
V = Hj() and (u,v) = [, u(z,t)v(z,t)dz the scalar product in L*(£2). Also we mean by 11,
the L4(2) norm for 1 < g < oo. The Poincaré inequality holds on V' | i.e. there exits a constant
C, such that

Vu eV, [lu(t)lly <CullVu(t)]2 (14)

For studying the problem (1), we will need the assumptions:
(A1) g : [0, 00) — (0, co) is C? nonincreasing differentiable function satisfying

[e.9]
g(0) >0, 1-— / g(s)ds = £ > 0.
0
(A2) There exists a positive nonincreasing differentiable function £(t) such that

gt < —=€b)gt),  Vt=0, (15)
where £ satisfies

+oo
/ E(t)dt = +oo. (16)
0

(A3) The matrix A(z) = (ai;(x)) , with a;; € C' (), is symmetric and there exists a constant
ag > 0 such that for all z € Q and ¢ = ((1,(2) € R?, we have

2

> aii(@)¢G = ol (17)

ij=1
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Following the same arguments of Dafermos| (1970]), we introduce new variables to establish
the usual history setting of problem :

I (z,s) = u(z,t) — u(z,t — s), s, te Ry (18)
and
o'z, 8) = v(x,t) —v(z,t — 8), s, te Ry, (19)
Therefore, problem takes the form
+o00
ug 4+ LLu + g () LY (5) ds = kv*u® " n (Jun]), in Q x (0, 00),
Lo (20)
vy + £Lv + / g (s) Lot (5) ds = kv®P " In (Juv]), in Q x (0, 00),
0
and
Vi (x,t) + 9 (2, 5) = w(z, t), x e, s, te(0,00),
1) + 9z, 5) = vila, ), req. s te (0 00)
u(x,t) = v(z,t) =9 (z,s) = p'(z,s) =0, e, s, te(0,00),
u(z,0) =ug (x), ut (z,0) =uy (), x€, (21)
v (x,0) =g (z), v (z,0) = vy (2), x €,
(2, 8) = Jo(z,8) = u(x,0) —u(x,—s), x€Q, se(0,00),
(po(xas) :()00('%"5) :’LU(Z‘,O) —w(m, _8) T e Qv s € (0,00)

Lemma 1. There exists T > 0 such that
yny| <y* + 7y, VYy>0. (22)
We follow the same technique as |Al-Gharabli et al.| (2020) to prove this lemma.

Proof. Let r(y) = /y(|lny| — y). Notice that r is continuous on (0, 00) and its limit at 0"is 07,
and its limit at +o00 is —oo. Then r has a maximum 7 on (0, 00), so holds. O

Lemma 2. There exists a positive constant A > 0, such that the real function z defined by

2In
Z(y):{y vl y#0,

0, y =0,
satisfies
2()] < yI* + A, for ally € R. (23)
1
Proof. As in |[Kafini & Messaoudi (2020), we have | ‘lim <r|1|g|;|> = 0, then there exists C' > 0
Y|—=—+oo Y
such that |
aly| <1l, V]l >C
]
Then,

) <[y, Y lyl>C
Since lim z(y) =0, then |2(y)| < A, for some A > 0 and for all |y| < C. Thus,

ly|—0

12(y)| < |y|* + A

O

Lemma 3. The following inequality holds for any y > 0,
v lny <. (24)
Proof. We have ln?(Jy) < 1, then by multiplication this inequality by 32, we get . O

257



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.8, N.2, 2023

3 Well-Posedness

Throughout this paper, c is used to denote a positive generic constant. Let us introduce the
notations

(9o V") (t) = /000 g(s)a (0(s),9(s)) ds,

where

a(w Z / 8% ;ml / AVw() V2 (t)da (25)

i,7=1
Remark 1. By using (A3), we verify that the bilinear form a(.,.) : H(Q) x H}(Q) — R is
symmetric and continuous. In addition, from 1) we have a(u(t),u(t)) > ag / Z\ (9;‘ 2dx =

ao||Vu(t)||3, which implies that a(.,.) is coercive.

Now, we introduce the energy associated to problem

B(t) = Jua(e) I+ 5 leu(t) B+ Ja(u(t),u(®) + Sa(w(t), o(1) o
+ % (g0 V) (1) + % (g0 V') (t) — %/QF(u,v)d:r, vt > 0,

1
where F'(u,v) = 2 (v*Pu?P In (Juv|??) — v*Pu?P) .
P
Lemma 4. Let (u,v) be the solution of (@ Then, the energy functional defined by (@) i

nonincreasing and we have for all t > 0,

%E(t) _ % (¢ o Vi) (t) + % (¢ o V') (1), (27)

Proof. Multiplying the first equation in by u; and the second by v, integrating over §2,
using Green’s formula and exploiting the forth and the fifth equations in system , we get

ey =14 (gover)( / / ) AV (5) V(1) dsdir
dt¢ 2dt
14 (28)
+ Sq (g<> Vgo / / 8) AV ' (5)Vuy(t)dsda.

Using the fact that 9%(s) + 9%(s) = u(t), the fourth term in the right-hand side of can be
written as

/ / 5) AV (5)Vuy(t)dsdr =
// s) AV (5) VL (s) dsdx—// 5) AV (5)Vi(s)dsdx (29)

// $) AV (5) V' (s )dsdx—id—(gowt)()

In the same way, we get

// 5)AV ! (s)Voy(t)dsdr =

14 (30)
/ / $)AV ! (s)V!(s)dsdx — 5% (g2 0 V') ().
Using , and , we obtain desired result. ]
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Now, we start to give the Well-Posedness of our problem. Lg(RJr; V') denotes the Hilbert
space of V -valued functions on Ry endowed with the inner product

et = [ ([ oA T Toe)as i (31)
Denote by H the Hilbert space
H = V2 x (L3(Q))° x (L2 (R+;V))?

equipped with the inner product
<('U,, U), ¢7 X7 197 0)T7 (aa @7 ¢7 5(\7 197 0)T>H

iy / A(z)VuVide + ¢ / Alz)VwVids + / Vidz + / Rz

// VﬁV??dsd:E+// VGVGdsdm

Let us denote U = (u,v,ut,vt,ﬁ , ) . The problem ([20) can be rewritten as
U =aU+JU), t>0
U(0) = (uo,vo, u1, wy, Y, ¢0)"
where the operator &7 is defined by

(4

X
+o0o

—{Lu — g(s) LV (s)ds
I,
—{Lv — / g(s)LO(s)ds

0
_195"’_1/)
_98+X

X e

and J(U) = (0,0, sv*Pu®~" In (Juvl) , ko~ u? In (Juv]) ,0,0) = (0,0, fi(u,v), fa(u,v),0,0), with
domains

2

(u, w9, x,9,0)" € H: (u,0) € (H*(2)NV)", (¥,x) €V,
D(e/)=1q (9,0) € (L2 (R+,H2(Q) NV))?, (0s,6s) € (L2 (Ry;V))?,
9(0) = 6(0) = 0,

and D(J) = H. First, we prove that the operator J : H — H is locally Lipschitz. We see that

|l7@) 7@, = 120w 0) ~ A DI+ 1aw,0) ~ @ DIE.

Let us define the C*(R) function by

(2p —1) s~ 2In (|s])
h(S) _ {8212 1]H(’3D7 S 7é 0, and h’(s) _ +82p72, s # 0, (34)
0=t 0, 5=0.
Hence,
11 (0,0) = f1(3,9)] =sl?Pu2? 4 In (Juol) — 525 In (]|
=k|vh(uv) — vh(uv) + vh(uv) — vh(uv)| (35)
<k|v||h(uv) — h(uv)| + k|h(av)||v — 0]
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and
Fa(,0) — ol 0)] =w]u® 1 In (Juv) — a0~ In (|ao])
=r|uh(uv) — uh(uv) + uh(uv) — uh(uv)| (36)
<k|ul|h(uv) — h(av)| + &|h(u0)||u — ul.

As a consequence of the mean value theorem, we have, for 0 < A < 1,

I3 = |h(uv) — h(u)|
= |0 Quv + (1 — X\)uv)||uv — ud|
2p—-1)
p—1
(Auv + (1 — N)ao)?* 2| x |uww — v + v — ao).

(v + (1 = N)aw)?PD1n (]huw + (1 — NaoP~t) +

Using lemma [2, Young’s inequality and exploiting (x + y)” < 2"~ Y(z" +y"), 2,y > 0,7 > 1, we
get

<2p—11> (12w + (1 = NasPeD + A) + (2)7 (2222 uo 22

I3 < [
+(2)7H 21 = X)) 2w 2] x [Jullu — al + [aljv — o]
<c [c + |uvPPY 4 |aoPPY 4 w2 4 ymy%ﬂ X
[v]lw — al + |ullv — o]
2 6(p—1 6(p—1 6(p—1 (38)
<c [C+ 0]2 + |u[0P=D) 4 [p[6P—D 4 |g[6@—D)
FJo[0@=D 4 |u[Ae=D) o |p|AD) 4 g4 4 ‘1—]‘4(19—1)} u— 4
+e [C + af? + [u|0P=D 4 [p[SP=D 4 |g|sP=D 4 |5/5-D

a1 4yt 4 |g)Ae-D) 4 ,17|4(p—1)} v — .
Now, we use lemma [2[ to estimate |h(uv)| as

(o) == () ()20~ v~

p—1
<|aw[>~! + Alug| (39)

<c [|a]6(p‘1) + 19/5®Y) + a2 + |9 .

Finally, we combine — and using Holder’s inequality with Sobolev embedding, we arrive
at

1f1(w,0) = f1(@, D)3 + |l fo(u, v) = fo(@,0)ll3

- o 2 (40)
< C(ully ol laly Belly) [l =l + o - o12]

Therefore, J is locally Lipschitz.

By using the semi-group approach and combining the ideas from |Guesmia, (2011)), we can prove
that the operator &/ generates a monotone maximal operator on H and therefore the next
existence result holds (see Pazy| (1983),Komornik| (1994)).

Theorem 1. Assume that (A1)-(A3) hold. Then for any Uy € H, there exists a unique solution
U € C([0,T); H) of problem (39).
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3.1 Global existence

First, we introduce the functionals:
J(t) = g x a(u(t),u(t)) + g x a(v(t),v(t)) + % (go VI') () + % (go V') ()
— KX /QF(u,v)dx.
and
I(t) = £ x a(u(t),u(t)) + £ x a(v(t),v(t)) + (g o Vﬁt) )+ (go Vgot) (t)

— 6K X / F(u,v)dz.
Q

In the following sections of the paper, we will assume that

00 < min 2p 2£3pagp p agpg?)p = p agpg?)p.
30% 7 40l 40%

Lemma 5. Suppose that (A3) and hold. Then, the inequality
6/@/ F(u,v)dz < (Calu,u) 4 La(v,v))*”
Q

holds for any (u,v) € V x V.
Proof. By using Young’s, Poincare’s inequalities, , lemma and remark |1} we obtain

1 1
K,/ F(u,v)dx < /{/ —202pu2pln(|uv|p) dzx < /{/ —2]uv|3pda}
Q0 Q2p Q2p

1 1
S/ﬁ;/u6pdﬂs+/€/v6pdaz

CSP 6 Cfp 6

< Tan IVl + T [Vl

c 5

< k—— (a(u(t), u(t))P + K
4p2agp( (u(t), u(t)))

£3p 5 | 0P 3p
< - (a(u(t), u(t))” + —= (a(v(t), v ()™ -

oo
4p2a(3)p

(a(o(t), v(1)))*

This finishes the proof.

Lemma 6. Suppose that (A1) — (A3) hold. Then for any Uy € H satisfying

{ B=[3E0)]*"'<1
1(0) = I (up,vp) >0

we have
I(t) = I(u(t),v(t)) >0, Vt>0

Proof. Since I(0) > 0, then by continuity,
I(t)>0, on(0,6),0>0
Let T,,, be such that

{I(T,)=0 and I(t)>0, VO<t<T,}

261
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which implies that, for all ¢ € [0, T,,,],

J(t) :é](t) + é [Ca(u(t), u(t)) + La(v(t), v(t)) + (g o V') ()

+ (g0 V') ()] (50)
Z% [&L(u(t),u(t)) + la(v(t),v(t)) + (g<> Vq?t) t) + (g o V¢t) (t)] 7

we easily get

La(u(t),u(t)) + La(v(t),v(t)) < 3J(t)

< 3E(t) < 3E(0), Vi€ [0,Tp]. (51)

By exploiting , and , we obtain

61 / F (u(Th) v (T)) dz < (ba(u, u) + fa(v, v))*
Q

= (ta(u(Tn) , u (Tm)) + La(v (Tm) ;v (T;)))
x (La(u(Tm)  u(Tm)) + La(v (Tm) v (Tm))) (52)
<BEO)P™ x (ta(u (Tn) ,u (Tm)) + La(v (T) v (Tn)))
=B (La(u (Tim) ,u (Tim)) + la(v (Tim) v (Tin)))
<(a(u(Tm),u(Tm)) + La(v (Tm) ;v (Tm))) -

Hence, by using , we conclude that
I(T,,) > 0. (53)
which contradicts our hypothesis (49)). So I(t) > 0 for all t > 0,

Theorem 2. Suppose that (Al) — (A3), and (.) hold. If Uy € H satisfying (@) then the
solution is global in time.

Proof. We use to get

()= J(0)+ 5 (Jull3+ oe]2)
(a(u(t),u(t)) + La(v(t),v(t)) + (g o VI') (t) + (g0 V&) (1)) (54)

1 2 2
5 (Ilutll3 + llell3)

Therefore,
[Ula <e (55)

That proves the solution is global in time.

Remark 2. The equation ensures that

a(u(t), u(t)) + alv(t), v(t)) <
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4 Technical lemmas

Before we state our stability theorem and its proof, we establish several lemmas needed to prove
our result.

Lemma 7. Let (A1)-(A3) hold and (u, v) be the solution of (20). We define

K (t) := / uurdx + / vude, (57)
Q Q
which satisfies, for all t > 0,
2a 2a1
Ki(t) < [u(@)3 + loe @3 + =5 (90 V") (6) + =5 (90 V') (1)
ag ag (58)

1

— ga(u(t), u(t) - §a<v<t>av<f>>

2
where a; = max Z ||a,-]~||2
1<j<2 & o0

Proof. Taking derivative of K (t) and using , we get
K1 () = a3 + e ()13 — €alu(t), u(t) — a(o(t), v(t))

// s) AV (s)Vu(t dsda:—// 5)AV ' (5)Vu(t)dsdx (59)

+ 25/ v?Pu® In (|uv|) da
Q

Using Young’s inequality, (A1) and (A3) the fifth term can be estimated as

/O ~ g(s) Awf( Vu(t)dz ds = Z / / aij(x ag;(:) 655) dz ds

<)\Z/< ) d+Z/</ ag;i)ds>2dx .

7,j=1 ig=1
< — ” (1rgja<xnz i, ) (u(t),u(t)) + % (go V') (1)
Aaq /¢ )
< o alu), u(®)) + 5o (g 0 V) (@),

for any A > 0. In the same manner, we get

/ / s)AV ! (s)Vu(t)dsdr < ﬂa,(v(t), v(t)) + L}\ (go V') (1) (61)

ag 2(10
We can use , to estimate the last term as

P / v?Pu? In (|uv|P) dz
Q

b
6p 6p
< 0 S (alult), u®) ¥ + 5 (ao(t), o(t)
pay pag
(3E(0))*P—CL” (3E(0))*P—Cy”
T ORI R e s GORI0) (62)
cop cop

< ,@Wa(u(t),u(t)) + HWG(U(t)a v(t))

au(t), u(t)) + Ja(w(t), o(1).

<

NN
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Taking \ = % and combining —, we obtain .

Lemma 8. Under the assumptions (A1)-(A3), the functional K defined by

Ka(t) = Ri(t) + Ra(t)
where
Ri(t) = — /Q w(t) /O " ()94 (s)ds da
and
Ra(t) = — /Q we(t) /0 " g(s)e(s)ds da
satisfies, for allt > 0

9(0)C?

Ky(t) <[6— (1= O [lur(®)lI5 + [6 — (1 = O] [[oe(£)]15 — toay (9" V') (1)
2
+ dea(u(t), u(t)) 4+ dea(v(t),v(t)) — gi(;)aco(* (g' o Vgot) (t)
2601 —0) 14 (1—0)C? y

2
45&0 + 2&0 (al + )+ 4(50,0

[((goVI") (1) + (g0 V') (1)],

i which § is some positive constant.

Proof. Using , we obtain

N 22: /Q (/Ooog(s)aij(x)ag;(js)ds) </0<>o g(S)ang)ds> dx

,7=1

+ OOg(s)ﬁ‘t(s)ds kv?Pu?P~n (Juv|) de

(s

— [ u(t) h g (s)9(s)ds dz — (1 =€) [ ul(t)dz.
Q 0 Q

By exploiting Young’s inequality, we get that, for any J > 0,

i,j=1
darl 20(1 - 0) :
gt ult) + = (g0 V') (1)

(67)

(68)
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The second term in the right-hand side of can be estimated by

Z / (/ s)aij(x )87;;?) ds> (/Owg(s)ag;(j) ds) da

‘ i,j=1

Z /‘/ 8)a; (x wzj) ds‘ dz

zg 1
/‘/ 31;; d5‘2 dzx

[a1 + 2] (goVﬁt) (t).

1—
<

ao

Using Young’s inequality, we get

9(0)C?

> / t 2 t
= [ wlt) [ g0 (s dal < 8] - L2 (o 0 V) (1)

Applying for y = |uv|?P~1 we get, for any § > 0,

‘/ ( )d5> kv?Pu?P~n (Juv|) de
< 2p 7 (/Ooo g(s)ﬁt(s)ds>

< /Q (/000 g(s)ﬁt(s)ds> ] (\uv|4p—2 + 7/ |uv|2p*1) dx
< (5/9]1)|2 (\uv\‘lp*Q—l—T\/W)de + (1;(52)03 (goVY') (2)

2 8p—4 2y, 12p—1 (1-0C2 t
<26 [ Jof? (Juv|P~* + 72 |lw| ) do + ~———= (g o V') (1)
Q 45&0

2
< cda(u(t), u(t)) + coa(v(t),v(t)) + (4520 (g0 V') (2).

\vHvu\Qp_l‘ In (Juv?~1) ’dw

Combining all above inequalities, we get

2
R0 <15 = (1= 0] a1 — 205 (5 ) (6 + ealu(t) ()
— _ _ 2
+acafol@), o) + [0 Ll 4 gy 4 20C
(g o Vﬁt) (t).
In the same manner, we obtain
2
Ry(6) <16 (1= O B0l 290 (70 90t) (1) + a0, v(0)
_ _ _ 2
+ Sea(u(t), ult)) + %Ei;aog) 12%5 (a1 +2)+ L0 4520*

(g0 V') (2).

Together with and , the proof of Lemma 8] is now completed.
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Now, let us construct a Lyapunov functional L as

L(t) = ME(t) + N1K1(t) + NaKs(t) (74)

where M, N; and Ny are positive constants which will be choose later.

Lemma 9. For M > 0 large enough, there exist two positive constants o1 and o2 such that

01E(t) < L(t) < 02E(t). (75)
Proof. By Cauchy-Schwarz’s, Young’s and Poincaré’s inequalities, we have
(1) <] /Q us(t)u(t)da] /Q w(t)o(t)d]
76
< I + S auft) u(e) + 2 1O + S afo®).vlt) "
<5 lue(®)]l2 2a0au U 5 o)z 2a0av U
and
1 5 1 o . 2
R0l < 5 I+ 5 [ ([ at0s) a
Q 0 (77)
1 o  (1=1)0C?
< 5 M@l + Toay (90 V') (t).
Similarly, we have
1 1-1)C?
Ra0)] < 5 0l + 525 (g0 ') 0 (79)
Combining , —, we get
|L(t) — ME(t)|
1 N, C, No(1 —£)C?
< 5 (N1 No) flua(8)3 + =5 ~alu(t), ult) + =5 === (g0 V') (1
1 N1 C, Ny(1—0)C?
5 N1+ Vo) )3 + =5 =a(u(t),o(0) + =25 === (90 V') (1) (79)
1 1 1 l
< (5 (0099 O+ 5 LI+ 5 (01 + Ja(uto) o)
+§a(v(t),v(t)) + % (g0 V! (t) — li/ F(u, v)dm) + cm/ F(u,v)dz.
Q Q
Using and , we obtain
|L(t) — ME(t)| <cE(t) + ca(u(t), ut)) + a(v(t), v(t))]*F < cE(t). (80)
[
Lemma 10. The Lyapunov functional L defined in satisfies, for all t > 0
L'(t) < —mE@) +c(go VI') (t) + ¢ (g0 V') (t) (81)
where m s a positive constant.
Proof. Combining , , and taking 6 = ﬁ, we have, for all ¢t > 0,
l
L(t) < = 5 [Ny = 2] (au(t), u(t) + a(v(t), v(t)) )
l
- [t = 0= w = ] (a1 + o)) )

5 [M—eN3) (9o V') (1) + (' o V9) (1)

+c ((g o Vﬁt) (t) + (g o V(pt) (t)) )
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At this point, we choose N1 > 0 so that
Ny —2>4.

When Nj is fixed, we pick No > 0 so large that

0
No(1 =) = Ny = = >2.

Then we choose M large enough satisfying
M — N3 > 0.
So, we have
U@)s—2dﬁwuxww»+a<>v@»)—20mx»@+nm<wﬂ
+c((go V) (t) + (g0 V') (1)) —H/ F(u
i [ Fu(t),v(t))da.
Therefore,
L'(t) < —mE(t) — E(a(u(t), u(t)) + a(v(t), v(t))) + ﬂ/ﬂ F(u(t),v(t))dx
+c((goVI') )+ (g0 V') ().
Using (43)), and (46)), we get

—¢(a(u(t), u(t)) + afv +K/F

(3E(0))*~'Ce?
K
4p203p—1 ag”

ta(v(t), v(t))

(wmwuw> <wwvw0—wwwmum>

< ca(u(t), ult)) + calvlt), o) — £ (alu(t),u) + a(o(t), o(1)) < 0.

So,
L'(t) <—mE(t) +c ((g<> Vﬁt) (t) + (g o Vgot) (t)) .

5 Stability result

(83)

(84)

(85)

Theorem 3. Let hold and (u, v) be the solution of (@) Then, there exist two positive

constants q1 and qo such that the energy of problem (@ satisfies
E(t) < qre 2l s@ds  wr >,
Proof. By multiplying by &, recalling (A2) and using (27)), we arrive at

EBL(t ) < —mé(t)E(t) + c&(t) ((90 V') (t) + (g0 V') (1))
< —mEE(t) —c((¢ o VI') (t) + (¢ o V') (1))
—m§(t)E(t) — cE'(t).

IN
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That is
(6L (t) + cE(t) — & (1) L(t) < — mE(H)E(). (89)
Using the fact that '(t) < 0,Vt > 0 and letting
EOL(E) + cE(t) = F(t) ~ B(t) (90)
we obtain
FI(t) < — mE@)E(t) < —ma(t)F(2). (91)

A simple integration of over (0,t) leads to
F(t) <F(tg)e ™o €6)ds, (92)

The proof of Theorem [3|is thus completed. O

6 Conclusion

This paper deals with coupled wave system with viscoelastic terms and new logarithmic non-
linearities. It is well known that fi; and fo in have a relation (see for example [Said-Houari
et al. (2011); Han & Wang (2009)); Mustafal (2012)); Messaoudi & Al-Gharabli (2015)), which is
the existence of a positive function F'(u,v) satisfying

(i) = 9,0,
s 0) = 50 (u,0), 93)
(F(u,v) >0

But in our system f;(u,v) = g—f(u,v) and fo(u,v) = %—f(u, v) where F : R? — R is given by
1
F(u,v) = el (kv*u® (2pln (juv|) — 1)),

is not necessarily a positive function. Our goal in this work was to eliminate the condition of
positivity of the function F'(u,v) and give a new result concerning the existence and stability of
the solution of nonlinear viscoelastic wave systems.
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